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General 
DEVELOPMENT OF PROCEDURES FOR RAPID COMPUTATION 
OF DYNAMIC STRUCTOF .... tU: RESPONSE 
INTRODUCTION 
This report is the Final Report of' the first year of work 
on the :program "Development of Procedures for Ra:pid Computation of' 
~J'.aa.mic Stxuctu:-al Res:ponse, n under Contract AF33(6oo}-24994o This 
program 1a carried on in the Structural Research Laboratory of the 
Department of Civ1l Engineering a.t the University of' Illinois under 
the general direction of Dro N~ Mo Newmark, Research Professor of 
st,ru.ctu..ral Eng:.neermgo The project supervisor is MrS., Nancy Bo Brooks, 
Resea~ch Associate in Civil Engineering., Acknowledgement is due 
Miss Dolly La Marsh w..d Mro William Co Schnoorich, Research Assistants 
in Civj~ Engineering, for their help in collectlng the data reported 
hereil'lo 
This progr'&u is concerned pr:ima.rily with the behaVior of 
structu.:;."'es 7 structural. elel'1.ents 7 and complic:~ated a.ssemblages of 
elements subjected to the d:y!:tamic fcrees arising from air blast 
or ground shocko This behavior is measured by deflection or stress, 
p~-manel1t def'ormation~ o_amage, or eollapseo The general objectiyes 
a.re~ 
10 Development of chEL~s or of rapid ~rule~or-thuIDb" methods 
t'or the prediction o:f critical levels of 'blast b.tensity to prod.uce 
severe damage or collapse ot: speci.f:ic structUJ:"al t'Y'Pes" 
cet'4 FI f)E"JTIA~ 
2. Construction of charts or other rapid :procedures for the 
rapid determination of the magnitude of response of specific structural 
types to various levels of intensii7.r of blast or shock~ 
)0 CriticaJ. examination of the accuracy of predictions of 
critical levels of force, or of magni~ad~ of response J in terms of the 
uncertainties in values of 1Jlast parameters, structural characteristics, 
and materiaJ.. pa!"ameters 0 
40 Su--v~J of the present state cf knowledge relative to those 
items in Objective ) ,.,hich cause the greatest uncertainty in the 
predictions, and preparation of plans fo~ ~~ther study of these itemso 
50 Development of methods of calculation suitable for the 
acaurate solution o~ p~oblems of ~ic response in complicated structures 
using high speed auto:ma:tic digital camp'~ters, preparation or basic codes 
for :l1IIportant classes o:f structures, fa:" tile deterillination of dynamic 
~esponse; and where necessarJ, calculation o~ xesponses for a range of 
values of structural. pa=a:mete:rs and of blast pazoa.meters. 
In gene:;,,"'aJ., existing methcds of a.na.lysis are used. to study 
the behav"i,ar of YariOt1S structu;L"al systems subjected to transient shocko 
Appro:::iro.ate :procedures ~Ol" the p:redietion of c::"iticaJ.. levels of blast 
btensity have been c_evelc:ped a.""'la. a=e being extended for a range of 
structural tJi2es axJ.d :pr8ss:r:e~ti:ne rela-'c:'onships 0 These procedures are 
checked against numerica.l a.na.J..yses of speci:f'ic st::u.ctural models performed. 
on the ILLIAC j the hi~ speed digital c~\J:te!" a:~ the University of 
Illinois 0 
r()NFIf)FNTI A' 
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A number of structural systems have been considered to dateo 
Among these are: 
1) the single-degree-of-freedom system with elasto-plastic 
resistance to displacement, or with more complicated resistance 
functions; 
2) the shear beam, or IIIt!J.lti-story building, with elasto-
plastic resist~ce in each spring, or story; 
3) the beam-column~ or column with both lateral transient 
load and axial static load., 
4) single-story buildings with one, or more lower side bay-so 
SIMPLE STRUCTURAL SYSTEMS 
The Single~Degree-of-Freedam §ystem 
The single-degree-of-freedom system, or mass-spring systemJ 
shown in Figo lj consists of a mass supported by a weightless spring 
which has resistance to displacement 0 This model is used to represent 
certain classes of structures such as a single-story building with a 
heavy 7 stiff roof system and relatively light Jf"lexible colUlD!ls 0 
In the mass-spring system under study the spring has bilinear 
resistance to motion as shown in Fig.. 2.. There is an initial linear 
resistance to displacement (elastic resistance) until yielding occurs, 
followed by a second linear resistance until the maximum displacement 
is reached. 
r()NFIf)FNTIAL 
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Several types of structural resis tance can be represented by 
this bilinear f'unction~ 
1) elasto-plastic resistance, characterized by a constant 
resistance to increasing displacement after initial yielding; 
2) work-hardening resistance, characterized by an increasing 
resistance to increasing displacement after yielding; 
3) unstable resistance, characterized by a decreasing resis-
tance to increasing displacement after in~tial yieldingo This latter 
type of resistance also represents the presence of large vertical 
static forces on the physical structureo In this case, for a displacement 
sufficiently large, zero resistance in the spring corresponds to the 
colla];lse of' a structure due to its own weighto 
Under certain conditions the deflection of the structure may 
va:ry with time in such a manner that the spring is successively loaded 
and unloaded. before the absolute max:lmum displacement occurs 0 After 
the spring has yielded, a decrease in d.isplacement produces a decrease 
In resist~~ce along a path ];larallel to the original elastic loading of 
the spring 0 Subsequent increase in displacement prod~ces an increase 
in resistance which retraces the unloading patho 
structural and Blast Parameters 
In the study of the response of the mass-spring system to 
blast type loads, a-number of pressure-time relationships have been 
chosen to represent the net transitional force on the structure due 
to a shock waveo These idealized applied force ~unctions are shown 
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in Fig. 3. An approximate procedure, described later in this report, 
has been developed such that a general applied force function may be 
replaced by one of the idealized forcing functions with the same effect 
on the structure. 
When the force function pet) is applied to the mass-spring 
system, the system responds with a deflection x dependent on timeo 
The maximum deflection xm is considered to be a measure of the permanent 
damage to the structure., 
For the mass-spring system the maximum displacement xm is 
measured in terms of the yield displacement x 0 The ratio x Ix is y m y 
called the ductility factor., Brittle structures have a low ductility 
factor, on the order of 1 to 5; very ductile structures have a high 
ductility factor, about 20 to 50., 
It is convenient to measure the applied pressure p in terms 
In of the yield pressure ~,With both quantities in the same unitso 
structures where the rate of loading affects the static yield strength 
of the structural materials used, the value of ~ is the dynamic yield 
strength. 
The duration of the applied load td and all other parameters 
of time are measured in terms of the period of vibration T o~ the 
mass-s~ring system for small deflections~ 
T = 2l! ..[ml~ (a) 
r t1 ~J J: I f"t r: t\.1 T I A I 
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where m is the mass of the system and ~ is the initial slope of the 
force-displacement function: 
(b) 
Equation of Motion 
The governing equation of motion of the mass-spring system 
is! 
mX + q(x) = pet) (1) 
where m is the magnitude of the mass, x is the acceleration of the 
mass, q(x) is the resisting force in the spring, and p( t) is the applied 
force. The force-displacement function q{x) is, defined as follows: 
q(x) = ~ x for x <: x 0 
- y' 
(2) 
The structure is assumed to be at rest with no initial dis~acement 
when the load is applied 0 
Method of Integration 
Although the integration of Eq. 1 can be performed by 
classical methods, it was advantageous to program a numerical integration 
procedure due to Newmark for computation of the solution to this equation 
CONfILJt:N IIAL 
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'* on the ILLIAC.. Several such programs have been prepared. during the 
past yea:r and are being used for various purposes; . 
~) "" to tabulate data for t~ charts Of maximum response, as 
in Figo 4; 
2) to display on an oscilJ.oscO]?e a plot of x, q, p, and 
ax/dt versus t; 
3) to tabulate a complete history of x, p, and. dx/ dt 0 
In order that a more complete range of each parameter may 
be included, the solutions for maximum reSl?onse are computed in 
dimensionless form. Eq. 1 was rewritten in the follmYl.ng form for 
numerical integration on the nLIAC: 
. ~ 
{llt)2 ~ =~ (llt)2 (~_ q{x1) 
Xy m <ly ~ (3) 
where ~t is the size o.f the time interval chosen for numerical integration. 
The solution to Eq. "3 is" in terms" of x/x 0 y 
There are IIia.Dy numerical J?rocedures existing for the integratio.n 
of differential equations, or sets o.f simultaneous differential equatio.ns, 
similar to. Eq<t ,. Among these is one due to Newmark(1)(2)** which is 
especially suited £or use in the integratio.n of second-order simultaneo.us, 
*. A more complete description of these and o.ther programs for the ILLIAC 
is contained in .Appendix B. 
** . Numbers :lIl parentheses refer to reference numbers in the list of 
. references in this report." 
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non-linear differential equations with initial conditions specified. 
Newmark I S f)-method is essentially a ste:p-by-step iterative procedure 
consisting of two quadrature formulas a:pplied to the equation of 
motion~ 
I> ( ). () 6t -() ~t 011 ( ) 
x t + 6t = x t + 2 x t, + Z x ,t + 6t 
(4) 
x(t + ~t) = x(t) + 8t x(t) + (nt)2 (1/2 - f3) x(t), 
where ~ may have any value from 0 to 0.250 An assumed value of the 
acceleration at the end of a time interval, 'x( t + nt), is used in 
Eqo 4 to compute the velocity and displacement at the end of' the time 
interval 0 These values in turn, are used in the equation of' motion 
to compute a better value o.f the acceleratioDoThese two steps 
constitute an iterative cycle which ends either when a specified number 
of cycles have been completed or when the assumed value and computed 
value of the acceleration agree within a specified toleranceo 
This numerical procedure is particularly suited to hand or 
machine computation for a number of reasons: 
1) Convergence is rapid. For ~ = 0 convergence is immediate 0 
2) The accuracy of the numerical results can be controlled 
through the selection of f) and8t. 
3) stability of the solution can be controlled by th~ 
selection of' 6t, or for certain values of f3 by the rate of convergence 0 
r()NFIf)FNTIAI 
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4) The procedure is self-checking; i.e., when there is a 
machine error, or human error, in the iterative cycle, the error is 
eliminated by further iteration. 
A discussion of the number of iterations required for 
convergence and the accuracy of the displacement for a transient problem 
appears in Appendix A of this report. 
Maximum Response of Mass-§pring System 
One pgase o.f this investigation is concerned with the determin-
ation of the maximum response, or maximum deflection, of the mass-spring 
system to. certain patterns of external dynamic load, and the preparation 
of charts or tables of max:ilnum response for various levels of applied 
pressure" Using a program for the integration of Eq. 3 on the lLLIAC, 
a large number of solutions for the maximum value of x/x and the time y 
of max:1mtim response t IT have been tabulated 0 
m 
In Figs. 4 through 21 these data are graphed in d.imensionless 
form for several tYPes of dynaIirl.c pulses: 
1) the initial-peak triangular pulse shown in Figo 3b, 
2) the general triangular pulse, Fig. 3c, 
3) the polygonal pulse with simulated precursor" Figo 3do 
In general, the maximum response x Ix is given in terms of 
m y 
the duration of the load tdfT and the magnitude of the applied pressure" 
p/~ for a specified shape of the resisting force function ~/~ and 
the particular applied force parameters of pressure and time which 
determine the general sh~pe of the force function. These charts may be 
CONFIDENTIAL 
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interpreted as giving values of max:illtom response to specific loads, or 
of levels of pressure required to produce particular damage. On some 
of the charts lines of constant t IT are plotted. 
m 
. From the data presented in these charts certain conclusions 
can be drawn: 
1) the effect of a change in the parameter ~/~ on the 
maximum response, all other parameters remaining constant, is to 
decrease the maximum response for an increase in ~/~ and vice versa; 
2) an algebraic increase, in ~/~ produces an increase in 
the level of pressure required to give:·:the same maximum response; 
3) for pulses which last a very short time, there is little 
or no difference in the maximum response to different pulse shapes 
provided the total impulse is the same; 
4) for pulses which last a very long time, there can be a 
considerable spread in the values of maximum response to the different 
pulse shapes. 
Damage Pressure Levels 
AI though the data prese'ilted _ in these graphs may be used 
directly, to include a complete range· of each parameter in the 
computations would necessarily result in too many graphs for handy use. 
Because of this, another phase of study is concerned with the development 
of approximate procedures to predict the level of pressure required to 
produce a certain degree of damage. This level is referred to in this 
report as the damage pressure level. 
CONFIDENTIAL 
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The response of a given structure to. given transient forces 
can be determined by classical means er numerical integratien procedures, 
but the determination ef the pressure level required to produce a given 
degree of damage is a far more complex problem. However, consideration 
of a balance of' externally applied energy with internal "stored" energy 
leads directly to. an approximate solution for the damage pressure levelo 
The procedure described below may be used fer any shape of 
resisting function and any shape of' applied ferce function 0 The preblem 
considered is the single-degree-of-freedam system of Fig. 1 subjected 
to an intial peak triangular pulse as shewn in Fig... 3b 0 The system 
is considered to be at rest with no initial displacement when the load 
is applied 0 
Since the structure is initially at rest and steps momentarily 
at the point of maximum respense, the work done by the external forces 
must equal the werk done by the resistance of the s,ystem in reaching its 
ma.x:ilm:un displacement, fer loads which start at some peak value and last 
indef'initely~ 
112 P x = 2 q _x + Q(x -x ) + 2 k2 (x -x ) m m --y y -y m y m y 
where the notation is the same as is used previously in this report 0 
IT we let~ 
x Ix = P-m y 
rONFIf)ENTIAL 
(c) 
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Eq. 5 reduces to the form: 
2 / _ ?e-l + k(~-l) 
Pm ~ - 2~ 
.' 
Eq. 6 gives the level of pressure requ:lred to produce a relative 
dis~lacement ~ if the load lasts an infinitely long time. 
12. 
(6) 
If the load lasts only a very short time, then the initial 
kinetic energy must equal the work done by the resistance of the system~ 
where v is the velocity of the system due to the initial impulse: 
. t" 
mv = I = J dp(t)dt 
o 
Using the previous notation and 
Eq. 7 can be written as follows: 
1 
pJ~ = ~:r {2IJ.-1 + k(IJ.-l)' 2 0 
Cd) 
(e) 
(8) 
This expression gives the damage pressure level for a very short duration 
of load. 
For pressures which have a duration somewhere between purely 
:i.m:pulsive and infinitely long, the damage ..... p:r~.$~1..lre ..... l~:v:el.;.;:i.s·.,4ifficult 
, ...... ... .. ' .... . . . . . ~ , 
to predict by energy methods. Furthermore, both Eq. 6 and Eq. 8 give 
inaccurate results for this' intermediate region. An empirical combina-
tion of these t'l;vO equations has been suggested by N. M. Newmark in a 
CONFIDENTIAL 
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paper presented to the ASCE(4) for the case of k=O. The resulting 
approximate formula has since been extended to include other values of 
the parameter k. This semi-em];)irical equation is as follows: 
where 
2 A = 2p - 1 + k(p - 1) (f) 
The quantity A is the ratio of the total energy absorbed 
by the system to the energy absorbed by the system in elastic deformation 
alone. For springs with other force-displacement relations, corresponding 
expressions for A IllB\1 be used in Eq. 9 'Provided the physical interpretation 
remains the same. 
The factor (1 + 0.7/") was chosen empirically to give the best 
comparison with existing solutions, as in Fig 0 4, and to satisfy the 
extreme conditions of 't' = 0 and 'r = 00. 
If' the system is subjected to an initial :I.mpulse p. t. in 
~ ~ 
addition to the main pulse, an analogous expression to Ego 9 may be derived 
in a similar manner. For this case, the empirical formula f'ordamage 
pressure level becomes: 
where 
B = 21C J? t . / ~T ~ ~ ---y 
CONFIDENTtAL 
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Both Eq. 9 and Eqo ],0 have been tested against the data 
computed for the maximum response graph$ over the following ranges in 
parameters: 
1 < [J. < 100 
0 .. 05 < t]./T < 10 
-0·5 < k < Oe9 
0·5 < :pm/~ ~ 20 (h) 
0 < Piti/~T < 2 
The maximum error which was detected in Eq. 9 is less than eight per cent .. 
For aJ.l practical combinations of l'aram.eters Eq" 9 IIl.8\1 be considered to 
give damage pressure levels which are accurate within five per cent or 
less. Eq. 10 has been checked at the points where the highest errors 
were f'ound in Eq. 9.. The computations indicate that Eqo 10 is at least 
as accurate as Eqo 90 Both formulas provide tools f'or the quick estimate 
of' the pressure level necessary to give a specified degree of' damage 
to the simple mass-spring system. 
General Applied Force Functions 
The approximate procedure described above is applicable to 
pressure-time relationships other than an initial-peak triangular pulseo 
Expressions similar to Eq. 9 and Eqo 10 may be derived for a large variety 
of applied force f'unctions, but the algebra mvol ved in the derivations 
~ become quite tedious. An alternate scheme involves selection of the 
CONFIDENTIAL 
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initial-peak tria.ngul.ar pulse which reproduces the maximum response and 
ttme o~ maximum response ~or the partic~ar force function under consid-
eration. 
The physical relations between acceleration, velocity, and 
deflection are analogous to the load, shear, and moment ~or a cantilever 
beam. . The change in velocity between two points is equal to the area 
under the acceleration-time function between the two points. Simjlarly 
the change in displacement is equal to the area under the velocity~time 
diagram. Specifically, if the initial velocity and initial displacement 
are zero, the maximum displacement equals the moment of the area under 
the acceleration-time diagram about the origin, from the origin to the 
t me of maximum displacement 0 
In order to replace a~ general pressure-time function by an 
initial-peak pulse with the same sUbsequent maximum deflection and time 
of maximum deflection, two conditions mUst be satisfied: 
1) the areas under the pressure-time functions from t = 0 
to t = t must be equal (final velocity the same); 
m 
2) the moments of the respective areas about the origL~ 
from t = G to t = t must be equal (maximum displacement the same)e 
m 
The accuracy of the results due to this replacement is 
dependent on the agreement between the two resistance-time curveso To 
illustrate the accuracy of this replacement, consider an impulse I 
occurring at a time 8 £'rom the origin 0 It is desired to replace this 
C:ONF!DENT1}.\L 
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impulse by an initial-peak triangular pulse with max:imum pressure p 
m 
and duration t 1 , as in Fig.)'bo The error in the resulting damage 
pressure level is sought. 
The criteria for replacement stated above require that~ 
1) ~ Pmtl = r (ll) 
1 2 
2) b Pmt 1 = 18 
or t = 38 1 
(12) 
From Eq. 9 the approximate value of damage pressure level is given by: 
(13) 
The exact value of damage pressure level due to the impulse is: 
(14) 
The following table gives the per cent error in p. for different values 
m 
of 5/~ and ~ and for k = 00 
Table 1.. Error in Damage Pressure Level Due to Replacing Impulse by 
Initial Peak Triangular Pulse 
olT ~= 1 5 13 25 41 
0 .. 6 58 26 2l 1503 12 
0.4 28 12 808 - 703 508 
0.2 7 .. 4 303 207 200 106 
0 .. 1 1·9 0·9 0 .. 7 005 004 
CONFIDENTIAL 
This procedure is being tested for the replacement of' a 
general triangular pulse by an initial peak triangular pulse. The 
conditions of' equal moments and equal areas yield expressions similar 
to Eq. 12 for maximum pressure and duration of the initial peak 
triangular pulse in terms of the parameters of resistance and the 
general triangular pulse.. Assuming the value of duration to be 
correct, the value 9f Pm is checked against the maximum pesponse graphso 
Preliminary results follow trends similar to those in Table 19 the 
error decreases as the value of ~ increases.. More accurate criteria 
for the replacement have recently been derived and are being studied 0 
Influence of Parameters on Maximum Response and Damage Pressure Levels 
Quite often the values of applied pressure:.; duration of 
applied load, yield strength, and other quantities cannot be accurately 
co~tedo In such instances information concerning the effect of a 
change or changes in these parameters on the maximum deflection or the 
damage pressure level is most valuable. If a sma:ll uncertainty in the 
value of one or more of the variables produces a marked change in the 
response or peak pressure, rigorous methods of analysis are no more 
accurate than approximate procedures 0 
To study the influ.ence of blast and structural parameters, 
two pulse types were chosen~ the step pulse and initial peak triangular 
pulse in Fig. 3~ In a previous investigation formulas were derived for 
the maximum response in terms of the other parameters for elasto-plastic 
rnNFIf)ENT1AL 
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spring resistance. (5) These expressions for maximum re~onse were used 
to derive influence factors for both maximum response and damage 
pressure level or the critical. peak pressure required to produce a 
certain deflection. 
The relative change in a variable due to a change in one of 
the parameters can be stated in the .following form: 
where bV/V is the relative change in the variable, llP/p is the relative 
change in the parameter, and Cp is the influence factor, or magnification 
factor. If the change in the parameter is very small, Eqo 15 can be 
written in the following form: 
(16) 
Expressions for Cp were derived from the formulas for maximum response 
in Reference 5 using Eq. 16 above. 
In Figs. 22 through 25 are shown the influence factors for 
duration of load and for peak pressure on maximum response, and the 
influence factors for duation of load and for maximum response on the 
critical peak pressure for both types of pulses. Because of the 
dimensionless form of the response formulas, there are certain relations 
between influence factors: 
CONFIDENTIAL· 
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C = l-C q P 
. 1 
Ck = 2 Ct-l 
1 
Cm = '2 Ct 
where C , C , Ck, Ct , C , C , and C are the influence :factors for q p m x y 
changes in yield strength~ peak pressure, first string stiffness, 
duration of load, mass, max:imum displacement, and yield displacement, 
respectively. 
The influence factors for duration of load Ct on maximum 
response are shown in Fig. 22. A change in the maxi.nnJm response ~ 
be as large as twice the change in the duration of load. However, the 
graphs in Fig. 23 show that the maxtmum response is far more sensitive 
to changes in peak pressure; an error in peak pressure may result in 
an error in maxinrum response eight or ten times as large. 
On the other hand, the critical peak pressure is not as 
sensitive to changes in parameters as the maximum response. The 
influence factor for duration Ct ranges between zero and minus one, as 
shown in Fig. 24; the influence factor for maximum response is between 
zero and one-half for the most part, as shown in Fig.. 25 .. 
The influence factors in the graphs are 3 of course, applicable 
to only infinitesimal changes in parameters. However, the order of 
magnitude of these influence factors indicates the parameters which are 
CONFIDENTIAL 
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most critical in the analysis. Certainly, approximate procedures for 
the predictIon of peak pressure can be expected to be more accurate 
than similar approximate procedures for the prediction of maximum response, 
since the maximum response is so much more sensitive to changes in the 
parameters. 
MULTI-SEaRY STRUCTURES 
The Shear Beam 
The shear beam shown in Fig. 26 is the model used to 
represent WJ1 ti-story buildings with heavy, stiff floor systems and 
relatively light, flexible columns. This replacement structure is made 
up of masses and springs similar to those in the single-degree-of-freedom 
system. 
Each spring has bilinear resistance to the relative diS1>lacement 
of the adjoining masses 0 Letting the relative displacement of the ends 
of the spring be x, this type of resistance function is shown in Fig. 2. 
Unloading after yielding follo1fs a line parallel to the original elastic 
loading curve 0 
In the shear beam analysis, as progra.zmned for computation on 
the ILLIAC, the springs may have different first and second spring 
stiffnesses and different limiting displacementsq All the masses may 
be unequal in magnitude. 
CONFIDENTIAL 
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Applied Loads 
Norma.lly the transient loads' on a multi-story structure, result-
ing from a side-on blast wave, ~e distributed loads. In the replacement 
structure the loads are concentrated at each floor level, or mass.. The 
concentrated load. on each mass is equal to the total load on the structure 
from mid-height of the column below the mass to mid-height of the colUmn 
above the mass. According to the distribution of loads over the height 
of the pbysicaJ.. structure, the concentrated loads ~ vary from mass to 
mass ... 
Equations of MOtion 
The differential equations of motion of the shear beam shown 
in Figo 25 are: 
0 .. 
mx =p '-0 
n n n -n 
i = 1, 2, .... n-l 
(lS) 
i = n 
where Pi and P
n 
are applied forces dependent on time; mi and mn are 
magnitudes of masses; q. and q. 1 are resisting forces of the bars ~ J..+. 
iImnediately below ahd above the mass, respectively.. ~e resisting 
functions q. depebd on the relative displacement of the adjacent masses, 
~ 
the permanent set in the spring, and the spring parameters o.f stiffness 
and limiting displacement .. 
In the numerical analysis performed on the ILLIAC, the 
e~uations of motion are integrated with the numerical integration 
procedure previously describedo 
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Structural Damage 
Unlike the single-degree-of-freedom system, the maximum 
response of a shear beam is difficult to define, because individual 
masses may reach their maximum deflection at different times, or 
individual springs or columns may be subjected to max~ stresses at 
dU-:ferent times. Furthermore, every spring does not necessarily become 
inelastic at the same time. These factors, together with others, complicate 
the selection of a replacement structure, which would reduce the shear beam 
to a single-degree-of-freedom 5,1stem. 
In a numerical study of three- and :five-degree-of -freedom 
shear beams subjected to blast-type loads, a number of different types 
of failure, or response, were detected: 
1) Initiation of yielding in all, or near~ ail, of the 
springs. For a brittle structure this corresponds to failureo 
2) Collapse by excessive deflection in the first (lowest) 
colUIIlIl. 
:3) Collapse by excessive deflection in intermediate columns .. 
Generally the response-time configurations for these types of 
failure have quite distinct characteristics. 
When the shear beam fails at any point by brittle fracture, 
the spring or column at that point has an ultimate deflection equal to 
the yield deflectiono After the first few time intervals, the response 
configuration at a:n:y particular time was observed to be nearly proportional 
to the static deflection pattern. This static deflection configuration 
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is the shape of the shear beam loaded by static loads equal to the 
ma.x:f.Im.lm transient forces on the structure. Multiplied by appropriate 
amplification factor, this static deflection pattern may be used to 
predict the maximmm response or damage pressure level for the brittle 
type of failure. The amplification fa.ctor is twice the value of x Ix 
m y 
in the charts in Reference 5 using the fUndamental period of vibration 
of the shear beam, the duration of the load applied on the shear beam, 
and Pm/~ equal to 0·5· ,Provided the duration of the load is greater 
than one ha.1.f the highest period of vibration, this approximate procedure 
for the prediction of the maximum response of the shear beam is quite 
accurate ,for the brittle type of failure. 
Excessive deflection in the first floor columns can cause 
collapse of the structure due to the vertical static loads of the uppe~ 
floors. In some of' the problems analyzed on the IILIAC, the permanent 
set in the first spring is many times the permanent set in the other 
springs. The response-time configuration of the system before any spring 
yields is generally proportional to the static deflection pattern. After 
the lowest spring yields, all the masses appear to move together as a 
rigid body until the maximum aisplacement occurs. Because of this rigid-
body movement, the use of a static reIllacement system s:imilar to the one 
described above for the prediction of max:imum response is not accurate. 
However, it may be possible to use a static displacement configuration 
for the prediction of damage pressure level with more accuracyo 
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In shear beams which failed because of excessive deflection 
of intermediate columns, the response-time configuration was very 
erratic. For this case also, the development of a suitable approximate 
procedure for the prediction of maximum response and damage pressure 
level is being studied. 
SINGLE-STORY STRUCTURES WITH SIDE BAYS 
Description of Structures with Side Bays 
The single-story structures shown in Figs. 27 and 28 are 
representa.tive of certain industrial buildings with high crane bays and 
one or more lower side bays. The roof systems are stiff and heavy in 
co~arison with the columns. A replacement model of masses connected 
with springs is used in the analysis of this type of structure subjected 
to lateral transient load. The springs have elasto-plastic resistance 
to displacement with the conventional unloading phenomena after yielding~ 
Equations of Motion 
The governing differential equations of motion are similar 
to those for the shear beam. For the two-degree-of-freedom system in 
Fig. 27 the equations of motion are: 
~Xl = Pl(t) - ql + q2 
m2x2 = P2(t) - ~ + q3 
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where the p(t)'s are the applied forces and the q's are resisting forces 
in the springs. For the mass-spring system in Fig. 28, there are three 
equations of motion: 
IIJ. ~ = Pl ( t) - ql + ~ 
~~2 = P2(t) - ~ - q3 + q4 
~x, = p3(t) - q4 + q5 
(20) 
with the same nomencllture as before. These equations of motion are 
integrated numerically on the ILLIAC. 
strUctural Response 
The maximum response and the permanent sets in the springs 
are a measure of damage done to this type of system. Only recently a 
numerical study for the integration of Eqs. 19 and 20 has been started. 
To define the types of failure and to develop approximate procedures for 
the prediction of collapse are the objectives of this phase of the 
investigation. 
BEAM-COI1JMNS 
Description of the Beam-Column 
In an effort to correlate work done on this program with that 
of' another program "Static and Dynamic Deflections of Frames and Their 
Components", under Contract AF33(616)-170, an investigation is planned 
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for the computation on the ILLIAC of the response of a beam-column to 
a transient lateral load.. The beam-column is a slender, axially loaded 
co~umn subjected to a transient lateral load through a heavy beam stub 
at mid-span.. The reJ?lacement structure for numerical analysis is a 
system of rigid bars connected by flexible linkages as shown in Fig. 29. 
Equations of Motion 
The governing diffenential equations of motion for the 
replacement system have been derived with the following assumptions~ 
1) deflections are sma.l1, 
2) shear deformation is negligible, 
3) the axial load is constant, 
4) deformation due to rotary inertia is not pegligible,. 
5) the moment-deflection relationship can be represented 
by a series of' straight lines 0 
The equations of motion are suitable for numerical integration 
on the ILLIAC with a numerical procedure used in one of the structural 
Research Library Codes, SRLC 35. * Progrannning of this problem for the 
llLIAC has begun. 
* A description of SRLC )5 appears in Appendix B of this report 0 
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PROPOSED STUDIES 
Single-Degree-of-Freedam System 
A study is planned of a mass-spring system having bilinear 
resistance to motion, acted on by additional pulse types~ One of these 
applied force functions is the. general triangular pulse of Fig. ;e with 
add.ed :impulses, or sudden changes in velocity, at different times 0 It 
is felt that this type of pulse more nearly reproduces the effect of 
actual blastso A program . for machine computation is being prepared for 
this problem. 
An investigation of the response of a mass-spring system with 
more complex structural. resistance ispla.n:ned to check the approximate 
procedure for the replacement of systems with complex resistance by a 
mass-spring system with bilinear resistance. 
Shear Beam 
The development of suitable replacement s,ystems for the 
dif~erent types of response is in progresso Further study of the response 
of a shear beam to other types of pulses is· plannedo A faster and more 
ef~icient code is being prepared for computation on the ILLIAC of the 
res:ponse of a shear beam to pulse types similar to those in Figo 30 
Single-Story structures with Side Bays 
A study of the response of two-~- a.iJ.d three-degree-of -freedom 
systems, representing one-story buildings with one or more side aisles, 
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has been started. When the different types of' response are classified, 
approximate procedures will be developed for the prediction of maximum 
deflection or of damage pressure levels for these one-story structures. 
Beam-Column 
As described above, a limited study of the response of a 
beam-column to transient loads will be performed.. :EJq>erimental data is 
available for the applied load-time function and for the beam configuration 
at different times. 
other Studies 
As other phases of work are completed, new programs of study 
will be started in accordance with time available. In general attention 
will be concentrated on the development of data of immediate usefulnesso 
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SPEED OF CONVERGENCE .AND ADCURACY OF NEWMARK'S P-MN.rHOD 
Newmark's ~-method for integration of simultaneous second-
order differential equations is essentially a step-by-step iterative 
procedure. The description of the numerical procedure, its criteria for 
convergence and stability, and the errors in amplitude and period are 
detailed in other papers. (1), (2), (3) 
The nomenclature used in this appendix is as follows: 
x = displacement at nth t~e interval. 
n 
x = velocity at nth time interval. 
n 
x = aecleration at nth time interval. 
n 
x' = assumed accleration at nth time interval. 
n 
.6t = time interval. 
T = period of vibration of system. 
~ = Newmark's ~= 
p = index on number of 1terations~. 
R = criteria for convergence. 
k = spring stiffnesso 
m = mass. 
~er of Iterations Performed Per Time Interval 
To estimate the number of iterations required for a specified 
degree of accuracy, it is necessary to examine the change in acceleration 
as a result of one iteration for a single differential equation. If 
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X r is the assumed value for acceleration and x 1 is the computed 
n+1 n+. 
value} then the ratio: 
• 1'& / in ·x· t error J.n xn+1 error n+1 (Al) 
is measure of the rate of convergence per iteration. This ratio may 
be determined from the numerical integration equations and the equation 
of' motion: 
(x + xt 1) 
n n+. 
(A2) 
o~ k 
xn+1 = - iii xn+l 
If the assumed value ~~+l is in error} then the computed 
value x 1 will also be in error. The ratio of these errors is: 
n+. 
error in x 
. au~+l = _(~t)2 f3k 
error J.Il ~ n+l m = 
(A3) 
After p iterations the ratio of the error in the original assumption 
remaining in the cOlIlJ?uted. value is: 
(A4) 
For machine computation on the ILLIAC all numbers must be 
within the following range: 
-1 ~.Y < + 1 (A5) 
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If it is required that the portion of xt 1 remaining in ~ 1 after 
n+ n+ 
p iterations is less than a certain value R, then: 
< R (A6) 
or ~or the largest possible value of IX~+ll = l 
[f2lt A~)2 (3 J~ < B (A6a) 
Now for given values of t3, R, and b.t/T, there exists a p such that 
. 13 Eq. (A6a) holds. For example, for R = 10- ,Table 1 gives the maximum 
number of iterations required for convergence. 
TABLE 1 •. 
Numb f It ti ' ir - - I II' ~ I .. ~.,..., , ~ -13 er 0 era ons Requ ed. i'orl x
n
+1 / = .L ana. L\ == .J..V 
~t 
t3 = 1/4 1/6 1/8 1/12 0 IE ., 
0.1 14 J2 10 9 0 
0.01 5 5 4 4 0 
0.001 3 3 3 3 0 
Table 2 gives the ratio of error remaining in xn+1 to the error in x~+l 
after p iterations. 
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TABLE 2. € After 12 Iterations 
1> f3 = 1/4 1/6 1/8 1/12, units' :, 
1 9.87 6.58 4.14 3.,29 (~t/T)2 
2 97.4 43.3 24.4 10~8 (.6..t/T)4 
3 96l 285 l20 35.6 ' (b.t/T)6 
4 9490 1874 593 117 .(b.t/T)8 
5 93650 12330 2930 3t35 (~tjT)lO 
Tables similar to these may be calculated from Eqo (A6) for s:n:y 
required agreement R between assumed acceleration and computed acceleratione 
The foregoing discussion applies to one single second-order 
differential equation without damping. For a set of simultaneous equations, 
p will be affected slightly. However, if the lowest period of the system 
is known, P may be. estimated by the same procedure.. The actual number of 
iterations required for more than one equation is~ of course, dependent 
upon the set of equations as well as the criteria for convergence, the 
size of the timer interval, and the error in the assumed valueo 
Relative Accuracy of Results Using Different Time Intervals 
To determine the relative merit of using different sizes of 
t:lllle intervals in the computations, a numerical study was performed on the 
ILLIAC using several sizes of time intervals for computing the solution 
to a certain single second-order equation: 
mX.+ q(x) = pet) (A7) 
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where q(x)·is the elasto-p1astic force-displacement function, and pet) 
is an initial peak triangular pulse. Each problem was run with all . 
the sizes of time intervals. The results were compared with those for 
a time interval: 
~t = C.001T 
J 
The percentage deviation in the responSe computed for larger time 
intervals from that for ~t = O.OOIT was calculated.. Table:; gives the 
maximum :percentage difference of all :problems computed for various 
~t/T and t3. No estimate was made on the effect of roundoff. Since 
the computations·were carried to 11 significant figures, it was felt· 
that roundof~ would not af:fect these comparisons. 
Dis lacement :for ~t T = 0.001 and 
~t/T t3 = 1/4 1/6 1/8 1/12 
0.01 0.05 0.04 0004 0.04 
0 .. 02 0.2l 0.17 0.17 0.16 
0.04 . 0.46 0·52 0·54 0057 
0.10 3·8 3·6 3 .. 6 4.7 
Table 3 cites evidence for the relative merit of' the accuracy 
of computations using different time intervals 0 Both machine time, as 
measured by rrumber of iterations per time inter.ral and number of time 
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intervals, and accuracy desired in computations, nnlst be considered 
in choosing an appropriate t:lJne intervaJ.. Not to be neglected. are 
the conditions for convergence and stability which also must be 
satisfied. These criteria are discussed at length in references (1), 
(2), and (3). 
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.APPENDIX Bo -PROORAMS AND SOBROUTINES FOR THE ILLIAC 
The preparation of programs for the computation on the ILLIAC 
of the dynamic response of structural systems is a fundamental part 
of this investigation 0 In general such a program is prepared with a 
specific type of structure in mind~ for example J a program for the 
computation of the response of a simply-supported beam to transient 
lateral loado 
Parts of several. programs for entirely di:fferent structural 
systems may be .identical-o - To avoid duplication in programming and. 
checking of codes, these common parts" called special-purpose sub-
routines, are coded aDd machine testeda Each of these subroutines does 
a specific job; an· applied force subroutine, for example, computes 
the external force at a specific point on a structure for a given time 
according to some prescribed force-time relationsbipo 
In general, an entire program cons ists of a number of these 
special-purpose subroutines linked together with other routines which 
describe the specific physical problema All structural dynamics 
programs prepared for the ILLIAC have been organized into the system 
of routines shown in Figo BIg a main routine, data input routine,-
data output routine, integroation routine, auxiliary routine, applied 
force routine, and force-displacement routineo 
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For each particular problem, or series of problems, the main, 
routine controls the beginning and end of the computations, input of 
necessary data, output of computed results, and the step~by-step inte-
gra.tion of the equations of motion through the integration routine 0 
'The function of the integration routine is to numerically 
integrate the equations of motion of the 5,1stem for one time interval, 
or stepo The numerical. procedure most commonly used in the computation 
of the solution to structural dynamics problems on the ILL~ is 
Newmark's, t3,-method. (:1..) ,(3) 
The auxiliary routine, when called upon by the integration 
routine, computes the accelerations of the structuraJ. system" Essentially 7 
the auxiliary roatine defines the equations of motiono' In the coxDputa-
tion of accelerations, the auxiliary routine requires that the applied 
force routine compute the external forces on the structure for a given 
time 0 The force-displacement routine furnishes the auxiliary routine 
with internal resisting forces in the structure for given sets of 
displacements. 
As a result of the organization of structuraJ. dynamics problems 
outlined above, a IJ.'WIlber of" integration routines, applied force routines, 
and. force displacement routines have been coded for use in structural 
dynamics programso These, along with routines of other typ'es peculiar 
to structural analysis, make up the structural Research Library of Codes 0 
The data input and output routines are a part of the Digital Computer 
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Library of Codes, which is made up of routines for use in all types. of 
numerical analyseso 
Ge;nera.lly speakiDg, the main routine and aUxiliary routine 
are peculiar to a specific type of' structure 0 Therefore, these two 
rout1nesmust always be programmed for the particular problem at banda 
Because the collection of· integration routines, applied. force routines, 
and force-displacement routines.. is gradually increasing. in number and 
variety, the main routine and auxiliary rout me are often the only 
routines it is. necessary to code . .f9r a particular structural system 0 
This enables. the coder to prepare ent1r~. programs and to check them 
on the computer in a. reas.onably short t~<> 
In the follo~~ pages are descriptions of a.number of 
programs and routines in the. $f;ru.<;:tural. Research: Libraryo A large 
number of these were prepared by the personnel on. this project as part 
of this contract 0 Copies of these ro~tines. including more. detailed 
descriptions of._ their functions are available a 
Special-Purpose Routines 
The special-pu:t"pose routines. described below are of three main 
types g integration routines, applied, force routines ~ and force-displace-
ment routineso SRLC(struCtureJ... Research Library Code) 21~ SRLC 35, and 
SRLC 36 are integration rotitl1nes.f SRLC 30 and SR.LC 33 are applied force 
routines, SBLC 24, SRLC 38)1 and SBLC 39 are force-displacement routineso 
rflt\..1 J=I nl=NTI At 
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SRLC 21 performs the step-by-step numerical integration of 
a. set of n s1muJ..taneous seeoIld-order differential equations with 
initial conditions spec ified 0 The equations are of the f'orm: 
(131) 
i = l.~ 2j " <> a n 
where the values of x. are .fu..T"llished by an auxiliary routine 0 The 
:l 
numerical procedure used is Newmark's. ~-methodo 
SRLC 35 is used for the integration of a set of' n simultaneous 
second-order dif'f'erential equations including degenerate cases" The 
equations to be integrated are of' a different form from those in SRLC 21 ~ 
x , t) = 0 
n 
i = l.,.9 2,9 0 0 0 n (B2) 
where the values of f'i are suppl.ied by an auxiliary routine" The 
numerical integration procedure consists of a search for the values of 
xi such that L ffif is a min:iJmlm, with xi B.1ld. xi in agreement with the 
following quadrature. f'or.mulas~ 
Xi (t + ~t) = xi (t) + ~t xi (t) + (~t)2 3ti (I;) + iAt)2 Jei (t + ~t) 
(B3) 
(j • ( ) 0 () .6t ~~ t{) .6t OO! ) 
xi t +.6t = xi t + 2" xi \ t + 2 xi ~ t +.6t 
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5RLC 36 is for, the s~ep-by-step integration of equations 
(:82), above. 'fhese ~qW3.tions are separated into two groups dependent 
upon the ,characteristics of ',the equations o AIl integration procedure 
similar to that for SRLC 35 is usedl7 
SRLC 30 is a group of applied force ~~ction routineso Each 
of these routines computes one particular type of forcing~ction 
sjmiJ ax to those shown in FigG 30f the text () 
, SRLC 33 is a general applied :force function routineo ~e 
function described by this routine is a se't of' n continuous straight 
lines defined by (2n + 2) successive abscis~as and ordinate So Dis-
continuities, in the applied torce-time relationshi1? are permiBsable 0 
SRLC 24 is a resisting~force displacement routine for one 
bar, or s:p:ringo The resisting force is a function of the relative 
displacements of the ends of the spring, the per.manentset in the spring, 
and. the limiting displacements.. The fUnctiondescr,ibed' by this routine 
is shown in Fig 0 20 Unloading after yielding ia parallel to the original 
elastic loading line vmtil a negative yield point is l"eachedo This 
negative yield point is equaJ. in magnit-Ilde to the original positive 
yield pointo 
SRLC 38 is similar to SRLC 24 in every respect except oneg 
unloading :follows a line parallel to the original !?lastic' loading for 
a horizontal distance of twice the original positive limiting dis-
placement. 
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SRLC 39 is a general resisting-force displacement routine 0 
The .function computed by -this routine is a series of n consecutive 
straight lines defined by successive slopes and abscissas.. Unloading 
after yielding folloW's a -line parallel to the original elastic loadingo 
structural. Dynamics Programs 
In order to :perform the nmnericSJ.. studies on this program, 
a number of :programs have been prepared for the computation of the 
response of . specific structural types to blast-type forces 0 Several 
of these. are for siDgle-degre~,;,of~freedom systemso Other programs 
compute the response of more complicated structuraJ.. types. 
Program 271 is one program for -the computation of the response 
of a single-degree-of'~freedom system to blast type loadso The equation 
of' motion is Eqo 30f the text 0 The "resisting force q(x)/~ is calculated 
with SRLC 24; the applied force p(t)/~ is furnished by SBI.C 30 or 
SRLC 330 Integration routine SRLC 21 performs the numerical integration 0 
There are three different main routines for program 2710 All 
of these provide for the computation of the response over a fixed value 
of to The' integration process is then stopped, and the program. proceeds 
to the next problem.. The program will also terminate computation on the 
problem involved if the numbers representing displacement, velocity, and 
acceleration become quite large, or if the displacement has reached the 
collapse displacement for negative second spring stiffness ~ 0 • 
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In addition to these features, Main Routine 1 computes and 
prints the max~ response and time of maximum response both before 
~ after the load is 'reduced to zero. 
Main Routine 2 is for oscilloscope output with automatic 
camera controls. The complete history of ~ of the following is 
plotted versus time: 
1) response, 
2) resisting force, 
3) applied force, aDd 
4) velocity. 
The camera controls provide for taking a photograph of each problem 
as'it is computed. 
Main Routine 3, in contrast to Main Routine 1 and 2, computes 
and prints the response and time every "a " time intervals. When the 
problem is terminated, the maximum response and time of maximum response 
are printed. 
The selection of the size of time interval and the time t 
over which the program integrates, and the scaling of numbers representing 
displacement and time are left to the user. This enables one to obtain 
the desired accuracy, particularly an oscilloscope output where it is 
~ortant to use the full screen for display. 
Program 322 is a second program for the computation of the 
response of asingle-degree-of-freedom system. The equation of motion 
to be integrated is: 
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mi + eX + q(x) = pet) (B4) 
where c is a damping coefficient. The equation is put into dimension-
less form siinilar to Eq. 3 of the text. The . main routine prepared for 
this progrmm bas general characteristics similar to those described for 
program 271 with the output features of Main Routine 30 SRLC 33 and. 
SRLC 39 are used in this Fogram to compute the applied force and 
resisting force, respectively. 
Program 169 is for the integration of the equations of 
motion for the shear beam shown in Fig. 26. This program is written 
for n degrees of freedom. The applied force on each mass has an 
initial linear rise to some peak value followed by an exponential decay 
to zero. The springs have bilinear resistance to displacement. 
The physical parameters for each mass and spring'mq have 
descrete values ~ io eo, all masses, spring stiffnesses, limiting 
displacements, applied forces may be unequal in magnitude. 
Output, consisting of time, displacements, and permanent 
sets, occurs every na ft time intervalso In addition, odd printouts 
occur whenever the velocity for one of the masses changes signo For 
shear beams whose bars remain elastic, a modal analysis at each regular 
printout can be performed at the option of the user. 
Program 221 computes the response of a simply-supported beam 
s~tric~ loaded. Elasto-plastic moment-curvature relationships 
are provided for each of the bars in the replacement structure 0 Both 
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lateral and axial displacements are considered in the large-deflection 
anaJ,ysis. This program will be obsolete when a simpler and faster 
program, now being prepared, is completed. 
Program 327 computes the response of the two-degree-of-
freedom system shown in Fig. 27. This model represents a one story 
structure with low bay or b~s on one side only. The applied force 
and resisting force are computed with SRLC 33 and SRLC 39 respectively. 
SRLC 21 is used for the integration of the equations of motion: 
Xi = x·i (xl ,X2 'Yl'Y 2'Y3,t) 
. (B5) 
i = 1,2 
Output of time, responses, permanent sets, and velocities occurs every 
"a" time intervals over a fixed time t. 
Program 344 computes the response configuration of the three-
c1egree-of-freedom system shown in Fig. 28. This program is similar in 
every respect to Program 327. The two -programs will be ,used for new 
numeric81studies of single story buildings with low side b~s .. 
o:ther Routines and Programs 
In addition to the routines and programs described ?-bove, 
many others are available for the computation of supplementary 
information. There are routines prepared for the computation of~ 
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1) :static deflection patterns for given loads, 
2) buckling loads, 
3) static load patterns for given deflections, 
4) -natural frequencies and mode shapes ~ 
These progra.m.S are used in the selection of paramet-ers .for use in 
the dynamic response programs. 
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CONFIDENTIAL 
A = ~ - 1 + k(~ - 1)2 = ratio of total energy stored in spring at 
maxfmttm displacement to energy stored in 
spring at yield displacement. 
B = 2~ Piti/~T = dimensionless applied impulseo 
c = damping coefficiento 
Cp = influence factoro 
I = Pit i = initial applied impulseo 
11 ,i = 0,1,2 • • • s, = successive applied tmpulseso 
81 ,i = 0,1,2 s, = times of 'successive applied impulseso 
p.,i = 
~ 
0,1,2 
~ = spring stiffness for small displacement, first 
spring stiffness .. 
~ = second spring stiffness, spring stiffness 
after yielding 0 
k = k2/kJ. = dimensionless spring stiffness 0 
m = 'magnitud'e of mass'" 
p{t) = applied pressure-time function 
Pm = maximum applied pressure 0 
. . n, = applied pressure at ~~ccessive timeso 
p/~ = dimensionless pressure level 0 
p = parameter 
q{x} = force-displacement ~~tion, resisting 
force function of spring. 
r () "-11= I r') 1= N T I 6. I 
CONFIDENTIAL 
~ = ~Xy = ftyield" strength of spring at the point 
where the spring constant changes. 
t = time. 
td = duration of applied pressure. 
successive times at which pet) changes. 
tr = ·time of rise of applied pressure 0 
tm = time of maximum displacement. 
ty = time of yielding. 
T = 21C .Jm/~ = natural period of vibration of'· systemo 
tiT - dimensionless time 0 
td/T = dimensionless duration of applied load. 
~t = time interval in numerical integration 
procedure. 
v = variable. 
x = displacement of mass. 
Xm = max~ displacement of masso 
x = 1Jy ield"displacement of spring, at the y 
point where the spring constant changeso 
x Ix = ~ = dimensionless measure of' maxinrum dis-
m y 
placement, ductility factoro 
~c = 1 - 11k = collapse ductility factor for negative k. 
x = axl dt :: velocity of mass. 
CONFIDENTIAL 
CONFIDENTIAL 
x = d2 X/dt2 = acceleration of mass. 
-y = permanent set in spring, permanent 
deformation of spring. 
. t3 = .Newmark's t3 in numerical integration 
procedure. 
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m pet) 
x 
q{x) ~ I m .. pet) 
Fig. 1. Single Degree of Freedom System 
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Fig. 2. Bilinear Force-Displacement Function 
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